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Total marks — 120

Attempt Questions I - 8

ALL questions are of equal value

Answer each question on a SEPARATE sheet of paper

Question 1

()

(b}

©

@

(e}

(15 marks) {START A NEW PAGE]

5
Find j(ln—x)dx.
X

Use the table of standard integrals to help find J

2x+2 A Bx+C
La o=t A 0X
(x—l)(x’+l) x-1  x'+1
(1) Find the value of 4, B and C
()  Hence, find JJ&
(x-1){x*+1)
)] Prove that _[f(x)dx:_[f(a—x)dx.
2 2
1
(i) Hence or otherwise evaluate sz\fl—x dr.
1]
Evaluate

l+cosx

R ——
%

dy

\f4yz+36l

Marks




Question2  (15marks) [START A NEW PAGE]}

(@)

0]

(c)

(@

Find 21420 in the form x + iy,

Sketch the locus of z described by the inequality fz—1+4<1 and

state the minimum value of arg z.

Im(z)
0 &
/B
A
P
3 » Re(z)

Tnt the Argand diagram above, intervals 4B, OF and 0 are equal in length,
OF is parallel to 4B and £ZPOQ =12r-.

(i) IfA4 and B represent the complex numbers 3 + 57 and 9 + 8; respectively,
find the complex number which is represented by P.

{ii) Hence find the complex number which is represented by Q.

If z=x+ip (x,y€ R), find and describe in words, the locus

of the points P(x,y) such that Em(z+lJ=0.
z

Write 3+ and ¥3—1 in modulusfargument form.
10
Hence show that (JST +z‘) + (\E i )w is a rational number.

Marks

Marks

Question3  (15marks) [START A NEW PAGE]

(a) The equation x* —3x* +6x—4=0 has roots &, Sandy. Find e, Bandy, 2
given that one rootis x=1+i3.

(b) () Prove that if polynomial P(x) has a root of multiplicity m at x = ¢ then P/(x) 2
has a root of multiplicity (m — 1} at the same point.

(ii) The equation 8x° +4x* =2x+1 has a double root and a single root. 3
Find the double root.

(c) If @, 4,y are the roots of x*~x—1=0, find the equation with roots 4
L,—I-,L. Hence state the value of L+—1—--+---]—.
1-a’1-g'1-y - 1-8 1-y

(d) If one of the roots of the equation x* +ax* +bhx+c=0 is the sum of the 4

other two roots show that a° —4ab+8c=0




Question4 (15marks) [START A NEW PAGE]

(a) ¢ isacomplex cube root of unity, i.e. ¢ =1,p=l.
6) Find the value of ¢-+¢*

()  Provethet (a—b)(a—gb)(a—¢"b)=a’ -5

(®) (i) Sketch y= x;_j Show all points of intersection with the coordinate
X

axes and any asymptotes.

(i) Use your graph in (i} to sketch:

(z=2)
(@) y—(xﬂj
2 x=2
@ —[HJ

(c) By considering the behaviour of y=cos™ x and w = e*, or otherwise,

draw the graph of y=ecos™ (e" ) . Caleulus need not be used.

(d) Sketch, without using calculus, y = x|x—-2| . Hence, or otherwise, state for what

values of &, x|:c—2| =% has 3 sclutions.

Marks

Question3 (15marks) [START A NEW PAGE]

(2

In the diagram above R(cr,%) is a point on the rectangular hyperbola xy = e,

The tangent to the hyperbola at R meets the x-axis at X and the y-axis at ¥.

The normal to the hyperbola at & meets the line y =x at P and the liney=-x at Q.

You are given that the equation of the tangent at R is x-+£2y =2et,

(i Prove that the equation of the normal at R is y+er® =Px+e.

€y 4021

(i) It can be shown that P is the point [—r—’ ;

Find the coordinates of X and ¥, Prove that Q is the point [ ,

(iii) Show that PQ and XY bisect each other.
(iv)  Show that PO=XY.

(v)  What type of quadrilateral is XQYP? Justify your answer.

Question 5 continues on page 7

Marks
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Question 5 (contirued)

2 2
®) A tangent to the hyperbola x—z—‘;—2= I at P(asecd, btang) meets the nearest
a

directrix at Q. If §'is the nearest focus, prove that PQ subtends a right angle at S,

ie. £LPSQ=90°,

2
You may assume that the equation of the tangent to the hyperbola al

xsecd  ytand -

at the point {asec#, btan8) is >
a

1.

Marks

Question 6 (15 marks) [START A NEW PAGE]

{a) Find the Cartesian equation of the ellipse x=1+3cos®, y=2sind-2.

()] The area bounded by the lines 2x~ =0, x—y+4 =0 and x = |, shown below,

is to be rotated about the y-axis,

/

Show that the x-coordinate of T is 4. Then, using the method of eylindrical shells,
show that the volume of the solid of revolution generated is 187 cubic units.

Question 6 continues on page 9

Marks




Question § (continued)

© ©

@

(i)

a b1
. b1 .
Explain why j at —x? dx =-Ta-' It is not necessary to use formal
]

integration.

Using (i) and symmetry, or otherwise, show that the area enclosed by the

2 3

. xty . .2
ellipse —+—=1I is mabunits”.
P a b

The base of a particular solid is the circlex* + y* = . Every cross-section
perpendicular to the x-axis is a semi-ellipse, The base length of each

semi-elliptical cross-section is 4 times its height.

A
he‘Lght «+— semi-elliptical cross-section

<— base length —>

Use part (ii) to find an expression for the volume of a cross-sectional slice
and hence find the volume of the solid.

Marks

Marks

Question7 (15marks) [START A NEW PAGE]

@

(b)

(c)

(d)

How many positive integers n are there such that # + 3 divides n*+ 7 without a 3
remainder?
Four families each have four children. What is the probability that exactly two of 3

the families have two boys and two girls?

From the letters of the word RENEGADE , three are taken at random
and placed in a line,

(i} How many different 3 letter sequences are there with exactly one E 1
in the sequence?

(if) How many different 3 letier sequences are there altogether? 3

The depth of the water in & harbour is 7.2 m at low water and 13.6 m at high water. 5

On Monday, low water is at 2:05 pm and high water is at 8:20 pm. A particular ship
requires water to a depth of at least 12,3 m to leave harbour. The ship’s captain wants
to leave harbour between noon and midnight. Find between what times the ship can
leave, assuming that the motion of the tide is simple harmonic.

% High tide = 13.6 m at 8:20 pm

b Clearance level for ship=12.3m

% Centre of oscillation = 10.4 m

* Lowtide=7.2m at2:05 pm

10




Question 8
(a) ()
(if)

(1)

oy

(if)

(15 marks) [START A NEW PAGE]

Use De Moivre's theorem to express cos38 in terms of cosé.

Use the result to solve 8x° —6x+1=0,

Hence deduce that sccgsecggi{sec%r =8,

I

2
If I, = Jsin”xdx then show that [ =n—_lIH.
n
Q

By first finding 7, [; and /, in unsimplified form,

and noting a pattern in your answers,

1 2
{300}
show that /, ==="—— =2 2" ifp js odd.

nal

End of Paper

Marks

STANDARD INTEGRALS
el 1 atl .
dex =—2x", ne-1; x#0, if n<
n+l
1
—dlx =hhx, x>0
x
” T
J-e dx =—¢&", ax(
a
_[cosaxdx = —-[-sin ax, a#0
a
. 1
jsmaxdx = ~—c¢os ax, axl}
a
) 1
Isec ax dx = —tanax, a=()
a
1
jsecaxtanaxdx = —secax, a=0
a
J%dx = l'ian"i, axl
a’+x a a

1 L X
J = 2d)c =sin? =, a>0, —a<x<a
Va'-x a

J-\/le__azdx ]n(x+\1'x2--a’), x>a>0

1
dex = ]n(x+\fxl+a’]

NOTE: Inx=log, x, x>0
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